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Abstract 

Let A be a smooth Lagrangian sub-manifold of a complex symplectic man- 
ifold X. We construct twisted simple holonomic modules along A in the stack 
of deformation-quantization modules on X. 

1 Introduction 

Let 2) be a complex contact manifold. A local model for 2) is an open subset of the 
projective cotangent bundle P*Y to a complex manifold Y. The manifold P*Y is 
endowed with the sheaf Sy of microdifferential operators of [20J. In [9], Kashiwara 
proves the existence of a canonical stack Mod(E;g) on 2), locally equivalent to the 
stack of £V-modules. Let A C 2) be a smooth Lagrangian submanifold. In the 
same paper, Kashiwara states that there exists a globally defined holonomic system 
simple along A in the stack MocI(E2)|a) twisted by half-forms on A. 

Now, let X be a complex symplectic manifold. A local model for X is an open 
subset of the cotangent bundle T*X to a complex manifold X. The manifold T*X 
is endowed with the sheaf Wx of WKB-differential operators, similar to £x, but 
with an extra central parameter, a substitute to the lack of homogeneity. (Note 
that, in the literature, Wx is also called a deformation-quantization ring, or a ring 
of semi-classical differential operators. See p.9j for a precise description of the ring 
Wx and its links with Sx-) A stack Mod(Wx) on X locally equivalent to the stack 
of Wx-modules has been constructed in the formal case (in the general setting of 
Poisson manifolds) by [TH] and in the analytic case (and by a different method, 
similar to [9]) by [H]. (See also [16], [2], [22] for papers closely related to this subject.) 

In this paper, we prove that if A is a smooth Lagrangian submanifold of the 
complex symplectic manifold X, there exists a globally defined simple holonomic 
module along A in the stack Moc^W^Ia) twisted by half-forms on A. As a by- 
product, we prove that there is an equivalence of stacks between that of twisted 
regular holonomic modules along A and that of local systems on A. The local model 
for our theorem is given by X = T*X and A = T X X, the zero-section of T*X. In 
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this case, a simple module is the sheaf O t x whose sections are series 52_oo<j<m h T ^ 
(m G Z), where the f/s are sections of Ox and the family {fj}j satisfies certain 
growth conditions on compact subsets of X. The problem we solve here is how to 
patch together these local models. 

Our proof consists in showing that if X is a complex symplectic manifold and 
A a Lagrangian submanifold, then there exists a "contactification" 2) of X in a 
neighborhood of A. Local models for X and 2) are an open subset of the cotangent 
bundle T*X to a complex manifold X and an open subset of the projective cotangent 
bundle P*(X x C), respectively. With the same techniques as in [SI US], we construct 
a stack Mod(Eg t ~) on 2) locally equivalent to the stack of modules over the ring £ X xc,t 
of microdifferential operators commuting with d/dt, where t is the coordinate on C. 
We then apply Kashiwara's existence theorem for simple modules along Lagrangian 
manifolds in the contact case to deduce the corresponding result in the symplectic 
case. In fact, the technical heart of this paper is devoted to giving a detailed 
proof, based on the theory of symbols of simple sections of holonomic modules, of 
Kashiwara's result stated in [9]. 

Acknowledgements We would like to thank Louis Boutet de Monvel, Masaki 
Kashiwara, and Pietro Polesello for their useful comments and insights. 



2 Stacks 

Stacks were invented by Grothendieck and Giraud [U] and we refer to [H] for an 
exposition. Roughly speaking, a prestack (resp. a stack) is a presheaf (resp. a sheaf) 
of categories, as we shall see below. 

In sections |2] and El we denote by X a topological space. However, all definitions 
and results easily extend when replacing X with a site, that is, a small category Cx 
endowed with a Grothendieck topology. 

Definition 2.1. (a) A prestack S on X is the assignment of a category S(U) for 
every open subset U C X, a functor p vu : S(U) — »■ S(V) for every open inclusion 
V C U, and an isomorphism of functors Xwvu '■ PwvPvu =^ Pwu f° r every open 
inclusion W C V C U, such that puu = ids(t/), ^uuu = idid S{[/) , and the 
following diagram of isomorphisms of functors from S(U) to S(Y) commutes for 
every open inclusion Y C W C V C U 

Pyw PwvPvu => PyvPvu 



lA PYW ^WVU 



^YVU 



Xywu 

PYWPWU > PYU- 



For F G S(U) and V C U, we will write F\ v for short instead of pvu(F)- 



Andrea D'Agnolo — Pierre Schapira 



2 



Quantization of complex Lagrangian submanifolds 



(b) A separated prestack is a prestack S such that for any F,G G S(Z7), the presheaf 
TCom s ,(F,G), defined by V i— > E.om s r V JF\y, G\v), is a sheaf. 

A stack is a separated prestack satisfying suitable glueing conditions, which may 
be expressed in terms of descent data. 

Definition 2.2. Let U be an open subset of X, U — an open covering of U 

and S a separated prestack on X. 

(a) A descent datum on U for S is a pair 

({^i}iej, {%}i,jel), w hh ^ G S(J7i), % : ^ Fi\u l3 (2.1) 

such that the following diagram of isomorphisms in S(Uijk) commutes 



A 



A 




J'jlUjklUijk J ~i\Uiu\Uijk 
e ik\u l;j 

I I " / 2Z" I " 

(b) The descent datum (12.1 ft is called effective if there exist JF g S(/7) and isomor- 
phisms 6i \ T\u i Ti in S([/j) satisfying the natural compatibility conditions 
with the ^y's and A's. 

Note that if the descent datum ( 12.11) is effective, then T is unique up to unique 
isomorphism. 

Definition 2.3. A stack is a separated prestack such that for any open subset U of 
X and any open covering U = {Ui\ i( zj of U, the descent datum is effective. 

To end this section, let us go up one level, and recall the glueing conditions for 
stacks. 

Definition 2.4. Let U be an open subset of X, U = {Ui}i & i an open covering of U. 
(a) A descent datum for stacks on U is a triplet 

({Sj}iG7, VPij}i,j£li { a ijk}i,j,kel)i (2-2) 

where the Si's are stacks on C/j, <pij : Sj\u t . — > Sj|[/.. are equivalences of stacks, 
and a^: <fiij<fjk fik- ^>k\u ijk ^i\u ijk are isomorphisms of functors such 
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that for any k,l & I the following diagram of isomorphisms of functors from 
Si\u 1Jkl to Si\u.. u commutes 



'ijkl 



Oiikl 



(2.3) 



(b) The descent datum (I2.2p is called effective if there exist a stack S on U, equiv- 
alences of stacks (pi~. S\u 4 — » Si and isomorphisms of functors a^: <fij<fj =>- 
<fi' S|cr y — > Si|(7y, satisfying the natural compatibility conditions. 

Note that if the descent datum (12.31) is effective, then S is unique up to equiva- 
lence and such an equivalence is unique up to unique isomorphism. 

In the language of 2-categories, the following theorem asserts that the 2-prestack 
of stacks is a 2- stack. 

Theorem 2.5. (cf (6J [3] ) Descent data for stacks are effective. 

Denote by S the stack associated with the descent datum (I2.3p . Objects of S(U) 
can be described by pairs 

(2-4) 

where T% G Sj([/j) and ^yO^li/y) — ► Filuu are isomorphisms in Sj(C4j) such 
that for i,j, k £ I the following diagram in Si(Uijk) commutes 

<Pu<Pjk {Fk I u ijk ) V2L ^ fij {Fj \u m ) (2.5) 



a ijk(^k) 



Vik{^k\u llk ) — — — i 



'J 



ijk J 2 | U ij k 



3 Twisted modules 



Let us now recall how stacks of twisted modules are constructed in [HI E] . 

Let k be a commutative unital ring and A a sheaf of k-algebras on X. Denote 
by Mod (.4.) the category of left 4-modules, and by Mod(A) the associated stack 
iDf/n Mod^^). 

Consider an open covering U = {£/j}fer of X, a family of k-algebras A% on Ui and 
k-algebra isomorphisms : Aj\u t - —> Ai\ui - The existence of a sheaf of k-algebras 
locally isomorphic to Ai requires the condition fijfjk = fik on triple intersections. 
The weaker conditions (13. 2p and (13. 3p below are needed for the existence of a k- 
additive stack locally equivalent to Mod(^tj). 
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Definition 3.1. A k-algebroid descent datum A on U is a triplet 

A = ({Ai}i £ i, {fij}i,j£i, {aijk}i,j,kei), (3-1) 

where A% is a k-algebra on Ui, Aj\u i:j — > Ai\uij * s a k-algebra isomorphism, 
ctijfc G .4* (C/yfe) is an invertible section, and (13.21) and (|3.3p below are satisfied: 

fijfjk = Ac\(a ijk )f ik as k-algebra isomorphisms A k \u ijk ^ <Ai\u ijk , (3.2) 

0-ijk a ikl = fij{ajkl) a ijl m ^(Uijki). (3.3) 

(Here Ad(aij k ) denotes the automorphism of Ai\u ijk given by a i— > apflaL.) 

Remark 3.2. The notion of an algebroid stack exists intrinsically, without using 
coverings or descent data. It has been introduced by [15] and developed in [2]. In 
this paper, we shall restrict ourselves to algebroids presented by descent data. 

Remark 3.3. Let Bi C Af be multiplicative subgroups, invariant by fy, and such 
that for any b i ,\)' i G Bi, the equality Ad(6j) = Ad(6^) implies 6, = 6^. Assume that 
a^-fc G Bj. Then, as noticed e.g., in pj, pag. 2], condition (I3.3P follows from (13. 2p . 

Let us recall how to define the stack of "A-modules" in terms of local data. 
A k-algebra morphism / : B —>■ A induces a functor 

/: Mod(^) -> Mod(£) 

defined by M. i— > fA4, where fM. denotes the sheaf of k- vector spaces A4, endowed 
with the B- module structure given by bm := f(b)m for b G B and m G A4. 

For a G *4. x an invertible section, the automorphism Ad(a) induces the functor 

Ad(a) between Mod(^4) and itself, and we denote by 

a: Ad(a) =>- id Mod{ ^) 

the isomorphism of functors given by a(A4) : aa{o,)A4. A4, u i— > a _1 w, for u G G 
Mod(.A). (Note that a(A4)(a'u) = gtWgT 1 ?/ = a'a(A4)(w).) 

Definition 3.4. (i) The stack of twisted modules associated to the k-algebroid 
descent datum A on U in (13.1 ft is the stack defined (using Theorem 12.51) by the 
descent datum 

Mod(A) = ({Mod(A)W, {fji}i,jei, {a k ji}i,j,kei)- (3-4) 

(ii) One sets Mod(A) := Mod(A)pf). Objects of the category Mod(A) are called 
twisted modules. 
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According to (12.41) . objects of Mod(A) are described by pairs 

M = {{Mi}iei, {&j}i je i), 

where M.i are ^-modules and f ji M.j\u ij -Miluij are isomorphisms of Ai- 
modules, such that for any Uk G M. k one has 

= £ik((hliUk) (3.5) 

as morphisms f kJ f ji M-k - > -Mi- Indeed, (13.51) translates the commutativity of (12.51) . 

Example 3.5. Let X be a complex manifold, and denote by fix the sheaf of holo- 
morphic forms of maximal degree. Take an open covering U = {Ui}i e j of X such 
that there are nowhere vanishing sections uJi G flu { ■ Let hj G Oy, . be the transition 
functions given by tOj\u i:j = tijUi\u ir Choose determinations G O^.. for the mul- 
tivalued functions . Since s^s^ and are both determinations of t^ 2 , there 
exists Cijk G {—1,1} such that 

We thus get a C-algebroid descent datum 

c yn^ : = ({ C t/*W, {idee/., }t,i6/> { c ijkh,j,kei)- 

Note that, since c 2 jfc = 1, there is an equivalence Mod(C v /jy^) — Mod(C^pr). 
Recall from [H] (see also [SJ §1]), that there is an equivalence 

Mod(C vW ) ~ Mod(Cx) (3.7) 

if and only if the cohomology class [c^-J G H 2 (X; C x ) is trivial. Consider the long 
exact cohomology sequence 

H\X- C x ) ^ H\X; O x ) A H\X- dO x ) ^ H 2 (X; C*) 
associated with the short exact sequence 



1 -> C* -> 0* ^ -> 0. 



One has [cyfc] = 7(~/3([fix]))> so that [cy-fc] = 1 if and only if there exists a line 
bundle C such that = /?([£]), i.e. such that ® C~ 2 ]) = 0. This last 

condition holds if and only if there exists a local system of rank one L such that 
[fl x <& C~ 2 } = a(\L]). Summarizing, (13 .7p holds if and only if there exist C and L 
as above, such that 

fix ~ L<g>£ 2 . 
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The twisted sheaf of half-forms in Mod(C v /n^) is given by 
We denote by y/uJl the section corresponding to 1 6 Ojj i . Hence, on we have 



Denote by [sy] the equivalence class of in Since the s^'s satisfy (13.61) . 

we notice that 

^/C* = ({0* /C*J ie/ , { s.j.},,.,) G Mod(Z x ) (3.8) 
is a (usual, i.e. not twisted) sheaf. 

Let A = ({Ai}i<=i, {fij}ij£i, {o>ijk}i,j,k£i) be a k-algebroid descent datum on U as 
in (13. ip . and consider a pair 

M = ({M}fcM&ikjfc/) ; 

where .Mi are ^-modules and /^TW^ | ^ . — > M.^\ Vi . are isomorphisms of .A*- 
modules which do not necessarily satisfy (13. 5p . Assume instead that there are iso- 
morphisms 

Hom, ( ; ,.V| ; , ,.V1, r J ~ k r , ; . (3.9) 

Under this assumption, we will show in Proposition 13.81 below that M. makes sense 
as a global object of Mod(A ® k S), for a suitable twist S. 
Consider the isomorphisms 



i\Ut. 



(3.10) 



defined by £y i— > 1. The dotted arrow defined by the following commutative diagram 
of isomorphisms is the multiplication by a section of fe . 



Hom A { fij Mi,Mi) ^Hom^i^M^Mk) kt; yfc (8^ k^. fc (3.11 



Wom^if^Mi, j.Mj) ^ Hom^ifoMj, M k ) 
Wom A ( fik Mi, fjk Mj) ® k HomAf^Mj, M k ) 



^'2 1 



^om A U k M h M h 



ijk ' 



Here, the first vertical arrow on the left follows from the equality faf k Mi = f jk (fa -Mi 
and the second one from j,,j : ,M, = Ad(a ijk )f ik Mi. 
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Lemma 3.6. The constants Cijk defined above satisfy the cocycle condition 
Proof. Consider morphisms 

Vji- / - M,. 

These induce morphisms 

/, '/,<: f^fuMi) -> ( ,M r 

The composition 

fik-Mi > Ad(a ljfc )/ lfc M = fyifaMi) — — > f ]k Mj 

is given by 

m i r/, ;7 ,//, i-> f jk r)ji(a ijk Ui). 

Hence, the composition of the vertical isomorphisms in the left column of (13.111) is 
given by 

rjji^rjkj i Vkj(f jk Vji(aijk • •))■ 

One then has 

PjiiVjdPkjiVkj) = <Pki{Vkj{f Jk Vji( a ijk ■ •)))cijk- (3.12) 
Using f)3.12p . we have, on one hand 

VjiiVjiWkjiVkj^ikivik) = tpjiiVji^ijiVikifuVkjiajki ■ ')))cjki 

= WiivikifuVkjiajkifrVjiiaiji ■ '))))cijic jk i 

and on the other hand 

( Pji(Vji) ( Pkj(Vkj) l Plk(Vlk) = ( Pki(Vkj(f :jk Vji( a ijk ' ' ))) t flk{Vlk)Cijk 

= fu(vik(f kl Vkj(f jk f kl Vji(aikiaijk ■ '))))cikiCijk- 

The conclusion follows using (13.31) . □ 

Remark 3.7. Lemma [3.61 is a particular case of a general result which asserts that 
equivalence classes of locally trivial k-algebroids on X are in one-to-one correspon- 
dence with if 2 (X;k x ). The analogue result for gerbes is discussed in [6], and we 
refer to [I] for the formulation in terms of algebroids. 



Andrea D'Agnolo — Pierre Schapira 



8 



Quantization of complex Lagrangian submanifolds 



Let us recall our setting. Given a k-algebroid descent datum 

A = ({Ai}iel, \ fij}i,j€l, { a ijk}i,j,kel) > 

consider a pair 

where .M^ are ^-modules and ^.M/lt/y — > M.i\u r] are isomorphisms of ^4j- 
modules. Assuming (I3.9p . Lemma guarantees that the constants defined by 
( 13. lip satisfy the cocycle condition. We can thus consider the k-algebroid descent 
datum 

S = ({kuifiei, {idkj/ .. { c ijk}i,j,k<=i)- 

Set 

A ® k S = ({^4j}ie/, \ fijfi,jeli { a ijk c ijk\i,j,k£l) ■ 

Proposition 3.8. Let M. = be as above, and assume (13.91) . 

then 

M = (Mi, tij) G Mod(A % S). 
Proof. By (13. 5p . it is enough to show that 

We have cp ik {£ik) = 1 = <Pjk{£jk)<Pij{£ij) = Viki&jif-jAjkiakjiCkji ■ *))) D Y P-12|). The 
conclusion follows since 99^^. is an isomorphism. □ 

4 Microdifferential modules 

Here we review a few notions from the theory of microdifferential modules. Refer- 
ences are made to [20J and also to [12] for complementary results. See pHl El] for 
an exposition. 

Let Y be a complex analytic manifold, and it: T*Y —>■ Y its cotangent bundle. 
The sheaf Sy of microdifferential operators on T*Y is a C-central algebra endowed 
with a Z-filtration by the order. Denote by 8y(m) its subsheaf of operators of order 
at most m, and by 0T*y(^) the sheaf of functions homogeneous of degree m in 
the fiber of it. Denote by eu the Euler vector field, i.e. the infinitesimal generator 
of the action of C x on T*Y. Then / G 0y*y(m) if and only if eu/ = mf. In 
a homogeneous symplectic local coordinate system on U C T*y, a section 

P G r({7; £y (in)) is written CIS db formal series 

F = 5> j (x;£), Pj eT(U;0 T *y(j)), (4.1) 

j<m 
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with the condition that for any compact subset K of U there exists a constant 
Ck > such that sup \pj\ < C K ° for all j < 0. 

K 

If Q — J2j< n 1j * s an °ther section, the product PQ = R = J2j< m +n r i * s gi ven 
by the Leibniz rule 

rk = E ^Pi)( d >i)- 

k=i+j—\ct\ 

The symbol map 

a m : E Y (m) -> T *Y(m), P i-> p m 
does not depend on the choice of coordinates and induces the symbol map 

a: £ Y ^ gr£ Y ^ Q)0 T * Y (m). 

The formal adjoint of P = J2j<mPj * s defined by 

j<m j=k— \a\ 

It depends on the choice of coordinates, and more precisely on the choice of the top 
degree form dxi A • • • A dx n G fly- One thus considers the twist of Ey by half- forms 

This is a sheaf of filtered C-algebras endowed with a canonical anti-isomorphism 

where a denotes the antipodal map on T*Y. There is a subprincipal symbol 

a' m _ x : £f (m) - T * Y (m - 1), P ^ -^(P - (-l) m P*). 

In local coordinates, cr^^P) = p m ~i — \ J2i^x t d^p m for P as in (14. ip . 
The following definition is adapted from [12] . 

Definition 4.1. Let A be a smooth, locally closed, C x -conic submanifold of T*Y. 
Let M. be a coherent £y-module supported by A. 

(a) One says that M. is regular (resp. simple) along A if there locally exists a 
coherent sub-£y (O)-module Ai of M. which generates it over Ey, and such that 
■M-o/Ey(— l).Mo is an 0A(O)-module (resp. a locally free C?A(0)-module of rank 
one). 
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(b) Let M. be simple along A. A section u E A4 is called a simple generator if Aio = 
£y(0)u satisfies the conditions in (a), and the image of u in A4 Q /£ Y (— 1)A4 
generates this module over 0a (0). 

Set 

Xa = {P E £ y {1)\a; <7i(P)| A = 0}, (4.2) 
and denote by £\ the sub-algebra of £y\a generated by Za- 

Remark 4.2. Let u be a generator of a coherent £y-module A4. Then A4 — £yjl, 
where J = {P G £y : Pu = 0}. Set 

X = {(j m (P); m G Z, P G X n £y(m)}, 

and note that suppA4 = supp((9r*y/X). Then A4 is simple if and only if there 
locally exists a generator w such that the ideal X is reduced. Moreover, such a section 
u is a simple generator and the sub-£y(0)-module A4o generated by u satisfies 

£ A M C M - 

Indeed, in a homogeneous symplectic local coordinate system we may write P G 1\ 
as P = P' + Q with Q of order < and P'u = 0. 

Symbol of sections of simple systems 

Let us recall the notion of symbol for simple generators. References are made to [20, 

For a vector field v G Oa on A, denote by C l J 2 its Lie derivative action on 
the twisted sheaf v^Xv- Then C}J 2 is an operator of order one in the ring T>f = 

of differential operators acting on y^Xv- 

Define xf and £f as in (14.21) . replacing £y with £y , and denote by Hf the 

Hamiltonian vector field of / G O t *y- Note that Hf G TA if /|a = 0. For P G if, 
consider the transport operator 

L ( P )=< 2 l( , ) U+-0(^)lA- 

One checks that L satisfies the relations L(AP) = <x (A)L(P), h(PA) = L(P)a (A), 
and h([P,Q\) = [L(P),L(Q)], for P,Q Elf and A G 5^(0) (see e.#. [TQl §8.3]). 
It follows that L extends as a C-algebra morphism 

L:£f^vf (4.3) 

by setting L(Pi ■ ■ ■ P r ) = L(P X ) ■ • • L(P r ), for P G 2^. 
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Let A4 be a simple £y -module along A, and u G A4 a simple generator. The 
twisted subsheaf of a/Ha defined by 

{ct G V^AJ L(P)a = VP G Pw = 0} (4.4) 

is locally a free sheaf of rank one over C. 

Definition 4.3. Let Ai be a simple £^-module along A and let m G .M be a simple 
generator. The symbol of u is defined by 

a A (u) = [ct] G y^/C^. 

for a as in (I4.4p . 

The Euler vector field eu acts on by , and one says that ct G v^Xv is 

homogeneous of degree A if eua = Act. Hence, the notion of homogeneous section 
of a/ fi^ / makes sense. One calls order o/tt the homogeneous degree of cr A (u). 
Then the equivalence class of A in C/Z does not depend on w, and is called the order 
ofM. 

If P G m) is such that cr m (P) |a never vanishes, then 

ct a (P M ) = a m (P)a A (u). (4.5) 
Also recall from loc.cit. that simple modules of the same order are locally isomorphic. 



5 Quantization of contact manifolds 

Here we review Kashiwara's construction [9] of the stack of microdifferential modules 
on a contact manifold. 

Let Y be a complex analytic manifold, it: T*Y — > Y its cotangent bundle, 
T*Y = T*Y\Y the complementary of the zero-section, w. P*Y — > F the projective 
cotangent bundle, and 7: T*y — > P*F the projection. The sheaf of microdifferen- 
tial operators on P*Y is given by 7*(£y|r*x)> anc ^ we s ^ m denote it by £y for short. 
Since the antipodal map induces the identity on P*Y, the ant i- involution * is well 
defined on the sheaf Sy^ ■ 

Let 

Xij '■ P*Yi D Vi — > Vj C P*Yj be a contact transformation. Recall that there 
locally exists a quantized contact transformation (QCT for short) above Xij- This is 

an isomorphism of filtered C-algebras $ i<7 - : X^^-y^lv,- £yflvr Moreover, one can 
ask that $jj is ^-preserving. Such a quantization is not unique, but a key remark 

by Kashiwara is that ^-preserving filtered automorphisms of Sy are of the form 

Ad(Q) for a unique operator Q G £-^(0) satisfying 

QQ* = 1, ct (Q) = 1. (5.1) 
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Definition 5.1. A complex contact manifold 2) = (2J, 0%)(1), a) is a complex 
manifold 2} of dimension 2n + 1 endowed with a line bundle 0<g(l) and a 1- 
form a G r(2J,fi|, ® O^il)), such that a A (da) An is a non-degenerate section 
of ti% +l ® 0<Q{n+l). 

(Here we set 0^{k) = O^il)^, and we use the fact that a A (da) Ar is a well- 
defined section of ® Cgfr + 1) for < r < n.) 

There is an open covering V = {Vi}j 6 / of 2) and contact embeddings x« : K c— *• 
P*Yj. Up to refining the covering (we still denote it by V), the induced contact 
transformations Xij '■ Xi(Vij) ~^ XjiYij) can be quantized to a ^-preserving filtered 
C-algebra isomorphism 

The composition ^y^,-^^. 1 is a ^-preserving automorphism of ^Y^\xi(v ijk ), an d hence 

is equal to Ad(Qijk) for a unique Qyfc G £^(Vyfc) satisfying (15.11) . This proves the 
theorem below, thanks to Remark 13.31 

Theorem 5.2. (cf [9, Theorem 2]) The triplet 

Eg = ({xr'^fkw, {xr 1 ^-) W> {xr 1 ^)},^/) (5.2) 

is a C-algebroid descent datum over 2J. In particular, there is an associated stack 
Mod(E2j) on 2) locally equivalent to the stack Mod(£^) of microdifferential modules. 

Good modules 

Any local notion, such as that of being coherent, simple, or regular, immediately 
extends to the category Mod(Esg). Here, we will discuss the non local notion of 
being good (cf [7]). 

Remark first that the construction in Theorem 15.21 also applies when replacing 
£y i with £^(0). One thus gets a C-algebroid descent datum E^O) as well as a 
C-linear functor E<g(0) — > Eg. This induces a forgetful functor 

Mod(E ?) ) ^ Mod(Eg,(0)). 

This functor locally admits a left adjoint, hence it has a left adjoint 

Mod(E S) (0)) ^ Mod(Eg). 

Definition 5.3. A coherent module A4 G Mod(Esg) is good if for any relatively 
compact open subset U C 2) there exists M.q G Mod(E<g(0)|fy) such that AA\u — 
ext(Mo). 
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Quantization with parameters 

Assume now that the bundle 0<g(l) is trivial, i.e. that there exists a nowhere van- 
ishing section r £ T(2); 0%)(1)). Consider an open covering {Vj}j g / of 2J and contact 
embeddings x%'- Vi ^ -P*Fj to which is attached the C-algebroid descent datum 
(E2D. 

Lemma 5.4. £/p to refining the covering, there exist ^-preserving QCT's $jj above 
Xij, and sections £ r(xj(Vj); swc/i i/ia£ 

t7(T i )o Xi = r, T* = -T h ^ ij (T j )=T i . 

Proof. Let (£, Xi, . . . , x n , «i, . . . , u n ) be a local coordinate system on Vi such that 
the contact form is given by dt + Uidxi and r = cr(9 t ) o x%- Then set T, = d t . 

Let $|- be a QCT above Xij such that <3>f •(!}) = Tj. Then the proof goes as that 
of [TU Lemma 5.3 (iii)]. Consider the QCT above the identity given by 



$*. := $1. 1 o * o $t. o *. 



There exists Q e E^ such that ^ = Ad(QQ*). Hence fcy := $^ o Ad(Q) is 
^-preserving QCT above and = Tj. □ 

Denote by £y^. the subalgebra of E^" of operators commuting with Tj. As 
above, denote by Qijk £ Ey" (Xi(Vijk)) the unique operator satisfying ( 15.1 ft such that 
^jj^jfc^jfe 1 = Ad(Q^fc). Since Ad(Qijjfe)C^) = Tj, it follows that Qy/e is a section of 

Yi,Ti ' 

Proposition 5.5. Let 2J be a complex contact manifold. Assume that there exists 
a nowhere vanishing section r £ T(2J; 0<y(l)). Then the triplet 

E 2),r = ({x^-^tJx^) W> {X 4 :1 (^i)}i,je/, {x J " 1 (fe)}i,j,fce/) (5.3) 

is a C-algebroid descent datum on V. In particular, there is an associated stack 
Mod(E(g T ) on 2J locally equivalent to the stack Mod(Ey T ). 



6 Simple holonomic modules on contact manifolds 

Here, we give a proof of a result of Kashiwara [9] on the existence of twisted simple 
holonomic modules along smooth Lagrangian submanifolds (also called Legendrian 
in the literature) of complex contact manifolds. 

Let 2) be a complex contact manifold. Recall from Theorem 15.21 that there is 
an algebroid descent datum of microdifferential operators on 2). Let A C 2J be 
a Lagrangian submanifold. With notations as in Example 13.51 consider the stack 
Mod(E;g|A <S> C C^x) of twisted microdifferential modules on A. 

Let us recall Kashiwara's theorem announced in [5]. 



Andrea D'Agnolo — Pierre Schapira 



14 



Quantization of complex Lagrangian submanifolds 



Theorem 6.1. Let 2) be a complex contact manifold and let A C 2J be a Lagrangian 
submanifold. There exists £ G Mod(E2)| A ® c Cy^x) which is simple along A. 

Remark 6.2. It will follow from the proof that moreover £ is good. 

Here, we give a proof of this result using the notion of symbol for simple sections 
of holonomic modules recalled in Section HI 

Proof. Let us denote for short by 

Eg = ({Aijieli \fij}i,j£lj { a ijk}i,j,kel) 

the C-algebroid descent datum f)5.2p attached to an open covering 2) = |J igJ V^. 
Up to a refinement, we may assume that the C-algebroid descent datum C v /q^ is 
attached to the same covering. More precisely, using notations as in Example 13. 51 for 
X = A and Ui = A» = A D Vi, we assume that there are nowhere vanishing sections 
£ ^Ai, and Sij G A .. with ^/UJ = Sy^/o^, such that 

C vW = ({ C Ajie/, {idc A ^}j,je/, {cyfckj.fce/), 
where the c^'s are defined by 

Up to a further refinement of the covering, we may assume that there exist simple 
*4j-modules £i of order along Aj and simple generators of £i such that 

( T A! (^) = [ v ^]G( V / fi A : /C^| Ai . 

Since £i and f^£j are simple ^-modules along A^- of the same order, they are 
isomorphic, and one has 

Let us describe explicitly such an isomorphism. For £jj G 'Horn j^(f jt Cj , Ci) , let bij 
is a section of Ai satisfying £ij(uj) = bijUi. One has 

ffAfci(«j)) = cta(^) = = [s ijy /uJl\, 

where the fourth equality follows from (|4.5p . In particular, s^aipij) G C A ... We 
can thus consider the isomorphism 

(Piji Horn A .( fji £j, A) C Aij 
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Set 

and let 6^ G satisfy = As (Pij(£ij) = 1, one has 

= s y . (6.1) 
By Proposition 13. 8| we get a twisted module 

£= (A,£y) e Mod(Eg| A ® c S), 

where 

S = ({CAiliej, {id CA ..}ije/, {%jOv/,fcei); 
the Cijk's being given by ( 13. lip . Since ^'(Cy) = 1 = <Pjk(£jk), by ( 13. 12ft we have 

Ciife = Piki&jifuZjkiakji ■ *)))• 
To show that S = C y ^, h thus remains to prove that c^k = Cijk, i.e. that 



One has 



= fij fjk( a kj i ) £ij (f>jk u j) 

fij fjkifl kj i ) fij (pjk) Ciji^j) 
fijfjk\flkji)fijy^jk)^ij 



Then 



c^k = <Pik(€ij(f d i€jk(a>kji ■ *))) 

= S ik a (fij fjk ( a kji)fij (bjk)hj ) 

= s ik a ( b jk)v(bij) 

= S ik S jk s iji 

where the third equality follows from the fact that a(a k ji) = 1, and the fourth one 
from dSU). □ 

Definition 6.3. A complex homogeneous symplectic manifold 3 = ($,(jJ,v) is a 
complex symplectic manifold (3, oS) endowed with a vector field v satisfying C v u = 

UJ. 
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Corollary 16.41 below was announced in [9]. Although we shall not use it, we give 
a proof for the reader's convenience. Also note that our statement corrects that in 
loc. cit., following a private communication with M. Kashiwara. 

Let 2J = (2J, Osq(1), a) be a contact manifold and denote by 7: 2) — > 2) the total 
space of the C x -principal bundle associated with the dual of the line bundle Otg(l). 
Then 2) is a homogeneous symplectic manifold and there exists a covering {V}ici 
of 2J by contact charts Xi'- Vi ^ P*Y% such that, setting Vi = 7 _1 Vi, {Vi}i e j is a 
covering of 2J and there are commutative diagrams 



7lv 



7i 



where 7$ is the the projection T*Yi — > P*Y; and V^ ■=— > T*Yj are homogeneous 
symplectic maps. 

We denote by Modi oc _ sys (C 7 -iA) the full substack of Mod(C 7 -iA) consisting of 
local systems, and by Mod reg _ A (E2)| A ) the full substack of Mod(Esg| A ) consisting of 
modules regular along A 

Corollary 6.4. (cf |9J) There is an equivalence of stacks 

Mod res _ A (E2 ) | A ® c Cyn^) - 7*Mod 

Proof. The sheaf of rings £y on T*Y is a subsheaf of the sheaf of rings Sy of [20J, 
this last sheaf being the microlocalization along the diagonal of the sheaf Oy X Y (up 
to a shift and tensorizing by holomorphic forms), see [T51 chapter 11] for a detailed 
construction. One defines the sheaf £^' R similarly as we have defined £y ■ 

With notations as in (15 .2p . the isomorphisms $y are induced by sections of a 
microdifferential module supported by the graph of Xij-> an d hence extend to iso- 
morphisms Considering Qij k as sections of £y^' R , we get a C-algebroid descent 
datum 

and the associated stack Mod(E~) on 2J. The inclusion 7~ 1 £^" C Sy induces a 
functor of extension of scalars Mod(E;g) — > 7*Mod(E~). Let us denote by M. i— > .M M 
this functor. 

By Theorem 16.11 there is a simple system C in Mod(Eg| A ® c C /jy-). Consider 
the functor 

Mod reg _ A (E2 ) | A g) c C^) -> 7*Mod loc _ sys (C 7 -i A ) 
given by jM 1— >• Hom E m (£ R , A^ R ). The functor \1/ is locally an equivalence by the 
results of [TT], and hence is an equivalence. □ 
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Example 6.5. Let 2) = P*C, A = P { * 0} C = {pt}, 7~ X A = C x . In this case, simple 
objects of rank one are classified by C x ~ C/Z. 

7 WKB-modules 

The relationship between microdifferential operators on a complex contact manifold 
and WKB-differential operators on a complex symplectic manifold is classic, and 
is discussed e.g., in [HUH] in the case of cotangent bundles. This study (including 
the analysis of the action of quantized contact transformations) is systematically 
performed in [T§], and here we follow their presentation. 

Let X be a complex manifold, t G C the coordinate, and set 

£xxc,t = £xxc,a t = {P e £*xc; [P, d/d t ] = o}. 

Set P*(X x C) = {t / 0}, and consider the projection 

p: P*(X x C) ->T*X, (7.1) 

given in local coordinates by p(x, t; £, r) = (a?; £/t). The ring of WKB-operators on 
T*X is defined by 

We similarly set Wx := P*{^xxct^' ^ n a ^ oca ^ symplectic coordinate system 
on T*X, a section P G Wx(U) is written as a formal series 

P = y %2p j (x;sy, Pj eO T * x (U), mGZ, 

j<m 

with the condition that for any compact subset K of V there exists a constant 
> such that sup \pj\ < C K ] for all j < 0. 

K 

One sets 

k:=W {pt} . (7.2) 
Hence, an element a G k is written as a formal series 

a = a/r'", % G C, m G Z, 

with the condition that there exist C > with |a 3 -| < C -:, (— j)! for all j < 0. 

Note that Wx is Z-filtered k-central algebra, and the principal symbol map 
o~ m '■ Wxijn) Ot*x induces an isomorphism of graded algebras gr Wx —> Ot'xIt^ 1 , t]. 
Note also that tz~ 1 T> x is a subring of Wx- 

We can now mimic Definition 14.11 for Wx-modules. 
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Definition 7.1. Let A be a smooth Lagrangian submanifold of T*X. Let A4 be a 
coherent W^-module supported by A. One says that A4 is regular (resp. simple) 
along A if there locally exists a coherent sub-Wx(0)-module AAq of A4 which gen- 
erates it over Wx, and such that A4 /Wx(—^)A4o is an 0A-module (resp. a locally 
free C^A-module of rank one). 

Note that, as follows e.g. from Corollary 19.21 below, if M. is regular then it is 
locally a finite direct sum of simple modules. 

Notation 7.2. Let X be a complex manifold. We denote by O t x the simple Wj- 
module along the zero-section T X X defined by O t x = Wx/1-, where X is the left 
ideal generated by the vector fields on X. 

Proposition 7.3. (i) Any two Wx -modules simple along A are locally isomor- 
phic. In particular, any simple module along T X X is locally isomorphic to 
O x . 

(ii) If A4, M are simple Wx -modules along A, then RTCom Wx (A4,Af) is a k-local 
system of rank one on A. 

Proof. Since both statements are local on A, we may assume that X is endowed 
with a local coordinate system (xi, . . . , x n ) and that A is the zero-section T X X of 
T*X. 

(i) Any Wx-module simple along T X X is locally isomorphic to O x . Indeed, the 
proof of the theorem (due to [20J) which asserts that if Y is a complex manifold, 
then simple £y-modules along smooth regular involutive submanifolds of P*Y are 
locally isomorphic applies when replacing Sxxc with £ XxC i (for an exposition, see 
[2H Ch 1, Th 6.2.1]). 

(ii) By (i) we may assume that M. = M = O x . The result easily follows, representing 
RH.om Wx (O x , O x ) by the Koszul complex K'{0 T Xl (d xi , . . . , d Xn )) associated with 
the sequence (d xi , . . . , d Xn ) acting on O x . □ 

Recall the projection p in ( j 7.1 ft and note that p _1 A is an involutive submanifold 
ofF(IxC). 

Proposition 7.4. Let A be a smooth Lagrangian submanifold ofT*X. 

(i) Locally, there exists a Lagrangian submanifold A C p~ 1 (A) on which p induces 
an isomorphism A ~ A. 

(ii) Let C be a simple Wx -module along A. Then, locally there exists a simple 
£xxc- m °dule C° along A such that £ ~ for(C°), where for denotes the for- 
getful functor Mod(£xx<c) - * Mod(£ XxC £). 
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Proof. Since the problem is local, we may assume that A = T^X in a system of local 
symplectic coordinates (x; u) G T*X. In the corresponding system of homogeneous 
coordinates (x, t; £, r) G P*(IxC), one has p _1 A = {£ = 0}. This set is foliated by 
the Lagrangian submanifolds A c = {£ = 0, t = c}, for c G C. For Z C X a closed 
submanifold, denote by Cz|x the sheaf of finite order holomorphic microfunctions 
on P%X. A simple £x-niodule along A is given by C° = Cxx{o}\XxC- One then 
immediately checks that C° ~ O t x . □ 



8 Contactification of symplectic manifolds 

In this section, we recall some well-known facts from the specialists on contact and 
symplectic geometry. 

Definition 8.1. A contactification of a symplectic manifold (X, u;) is a complex 
contact manifold (2J, 0<q{1), a), and a morphism of complex manifolds p: 2) — > X 
such that the following conditions are satisfied: 

(a) the line bundle 0<y(l) has a nowhere vanishing section r, 

(b) there exists an open covering X = [J ieI Ui, holomorphic functions U on p~ 1 (L r j) 
and primitives o~i G of u)\zji such that %j := (p, tj) gives an isomorphism 
Xi- P~\Ui) -^[/.xC, and dt; + p*((Xi) = {a/r)\ p -i ajj. 

Lemma 8.2. A contactification p: 2J — > X /ias a structure of <C -principal bundle. 

Proof. With notations as in Definition 18. 1[ set Xij — XjXiT taj : ^ij X C-* ^ x C 
We have Xij — for some transition functions %: t/"^- x C — > C. Since 

— tj) = p*(o"t — cry), up to shrinking the covering we may assume that <jj — o~j = 
dfij for some functions G Oy i .. The transition functions are the translations 
6ij(Pi t) = t + fijip) + Cij for some Cy G C. □ 

Lemma 8.3. A symplectic manifold (X,u) admits a contactification if and only if 
the de Rham cohomology class [u] G H 2 (X; Cx) vanishes. 

Proof, (a) Let X = {J ieI Ui be a covering such that has a primitive <Tj G 
Up to shrinking the covering we may assume that o~i — Oj = dfij for some functions 
hi e Ou ir Then d(fij + f jk - fik) = 0, and C Uijk 3 c ijk = f {j + f jk - f ik is a Cech 
cocycle representing [ur] G H 2 {%; C^). Since [uj] = 0, we have = + Cj^ — Qfc. 
Setting fij = fij — Cij, we have fij+fjk—fik — 0. Endow £/; x C with the contact form 
dt + Oi. A contactification of X is thus given by the C-principal bundle 2J — ► X with 
local charts £/j x C, and transition functions over U, t j given by (p, t) i— > (p, t + fijip))- 

(b) Let p: 2) — > X be a contactification, and use notations as in Definition 18. 11 
We have dia/r) = p*uo and hence [p*u] = in H 2 i^;C^). Then [u] = in 
H\X-Cx)^H\^-X^). ' □ 
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Lemma 8.4. Let (X, uo) be a symplectic manifold and A a Lagrangian submanifold. 
After replacing X with a neighborhood of A there exists a contactification p : 2) — > X 
and a Lagrangian submanifold A C 2J on which p induces an isomorphism A ~ A. 

Proof. The restriction map if 2 (X, Cx) — » H 2 (A; Ca) is given by [u] i— > [y*&>], where 
j: A X is the embedding. Since cu|a = 0, there exists an open neighborhood 
U D A such that [a;|y] = 0. Thus, up to replacing X with U, we can assume that 
[u] = 0. 

Let us adapt the arguments in part (a) of the proof of Lemma 18.31 above. Let 
X = [J ief Ui be a covering such that has a primitive cr, G . We may assume 
that (TjIa = 0. Let G CV y satisfy <7j — <Tj = df^. We may assume moreover 
that fij\\ = 0. Since /y + — is locally constant on A, it must vanish on A. 
Thus, the C-principal bundle p: 2) — > X is described by the local charts Ui x C, with 
transition functions (p, t) i— > (p, £ + fijip)) and contact form + <Tj. We define A 
by A |^ xC = A\ Ut x {0}. ' □ 

9 Simple holonomic modules on symplectic manifolds 

Let us start by recalling the construction of [T3] of the stack of WKB-modules on a 
symplectic manifold, in the special case where there exists a contactification. 

Let p: 2) — > X be a contactification of a complex symplectic manifold. Denote 

by 

Esg, T = ({-Ai}i<zi, {fij}i,jei, { a ijk}i,j,kei) 

the C-algebroid descent datum on 2J given by Proposition 15.51 Consider the C- 
algebroid descent datum on X 

Wx = ({p*Ai}i£i, {p*fij}i,jei, {p*aijk}i,j,kei)- 

The stack Mod(Wx) associated with this C-algebroid descent datum is the stack of 
WKB-modules in [T9]. 

One defines the notion of good Wx-module similarly as for E^-modules. 

Here, we prove the existence of twisted simple holonomic modules along smooth 
Lagrangian submanifolds of complex symplectic manifolds. 

Theorem 9.1. Let X be a complex symplectic manifold and let A C X be a La- 
grangian submanifold. There exists a module C G Mod(Wx|A ®c ^v^) which is 
simple along A. Moreover, £ is good. 

Proof. By Lemma 18.31 there exist a contactification p : 2J — > X and a Lagrangian 
submanifold A C 2J on which p induces an isomorphism A ~ A. By Theorem 16.11 
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there exists £° G Mod(E2)| A o ® c C /q~~^) which is simple along A . As in Proposi- 
tion [73 we then set £ = for(£°), where 

for: Mod(E2 ) | A o ® c Cy^) -> Mod(E ?)i£ | A o ® c C^-^) 

~ Mod(W x | A ® c C^) 

is the natural forgetful functor. □ 

Corollary 9.2. There is a k- equivalence of stacks 

Mod reff . A (W x | A <g> c C^nj) ~ Mod /oc _^(k A ). (9.1) 

Proof. By Theorem 19.11 there exists a simple module £ in Mod(Wx| A ® c C v ^-). By 
Proposition I7.3[ a functor ( 19. lj) is given by .M i— > Hom Wx (£,AA). Proving that it 
is an equivalence is a local problem, and so we may assume X = T*X, A = T^X. 
Then a quasi inverse is given by F i— > F (g^ (9^ . □ 

Remark 9.3. Note that in the real setting, a link between simple holonomic modules 
on real Lagrangian submanifolds and Fourier distributions, Maslov index, etc. is 
investigated in [T7j . 
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